Abstract. In the paper, the authors establish two identities, which can be regarded as nonlinear differential equations, for the generating function of Eulerian polynomials, find two identities for the Stirling numbers of the second kind, and present two identities for Eulerian polynomials and higher order Eulerian polynomials, pose two open problems about summability of two finite sums involving the Stirling numbers of the second kind. Some of these conclusions meaningfully and significantly simplify several known results.
Motivations
In [6, 7] , Kims stated that Eulerian polynomials A n (t) for n ≥ 0 can be generated by 1 − t e x(t−1) − t = In [7, Theorem 1] , Kims established inductively and recurrently that the generating function F (t, x) = 1 e x(t−1) − t , t = 1 (1) satisfies the nonlinear ordinary differential equation
where a 0 (n, t) = a 0 (n − 1, t) = · · · = a 0 (1, t) = a 0 (0, t) = 1 (3) and a i (n, t) = it n−i j=0 (i + 1)
In [7, Theorems 2 and 3] , Kims presented that
for k, n ∈ {0} ∪ N. From (3) and (4), Kims derived inductively that
It is clear that the above formulas (4) and (5) for a i (n, t) cannot be computed easily either by hand or by computer software. Can one find a simple expression for the quantities a i (n, t)? For supplying a solution to this problem, the first and third authors obtained in [20] and its preprint [19] the following three theorems. n (t) can be computed by 
where n ≥ 0 is an integer, α > 0 is a real number, S(n, k), which can be generated by the exponential function
and can be computed by the explicit formula
stand for the Stirling numbers of the second kind, and Γ(z) denotes the classical gamma function which can be defined by 
and, generally,
where n ≥ 0 is an integer and α > 0 is a real number. n (t) satisfy the recurrence relation
where
is called the falling factorial. In particular, when α = 1,
Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 August 2017 doi:10.20944/preprints201708.0004.v1
It is easy to see that the equation (8) simplifies the one (2) . As stated in [20, Remarks 1 and 2], comparing the equation (2) with (8) reveals that
This expression is simpler, more significant, more meaningful than the one in (5).
It is easier to compute the quantities in the brackets of the nonlinear ordinary differential equations (8) and (9) than to compute the quantity a i (n, t) in [7] . In [6, Theorem 1], it was obtained inductively and recursively that the nonlinear differential equations
have a solution F (t, x) defined by (1) for t = 1, where a 0 (n) = (−1) n n!,
with H n,0 = 1 for n ∈ N, H n,1 = H n = n k=1 1 k for n ∈ N, and (1) For n, k ≥ 0,
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We observe that the equations (2) and (12) can be rewritten respectively as
Consequently, the equations (2) and (12) are essentially inversive each other. This motivates us to consider two questions:
(1) can one simplify the expression of the quantities a i (n) significantly and meaningfully? (2) what are the inversive ones of the equations (8) and (9)
where s(n, k), which can be generated by
stand for the Stirling numbers of the first kind.
Proof. In [24, 25] and [30, 32] , it was obtained that
Substututing the relations (13) and (16) into (12) or (14) yields
for n ≥ 0. The proof of Theorem 2.1 is complete.
Theorem 2.2. For n ≥ 0, the function F (t, x) defined by (1) satisfies nonlinear differential equations
Consequently, identities
are true under conventions p q = 0 for q > p and S(p, q) = 0 for q > p ≥ 0.
Proof. Rewriting the equations in (15) as
. . .
where the (n + 1) × (n + 1) matrix
Since the inverse matrix
that is,
This is equivalent to (17) .
Comparing (17) with (8) leads to (18) . In [34, p. 118, Eq. (9.18)], it was proved that
By virtue of (18) and (20), we obtain
Since the recurrence relations 
Proof. The identity (6) can be rearranged as
which can be rewritten as (21) .
Similarly, the identity (7) can also be reformulated as
and, consequently,
k (t) (t − 1) k which can be rearranged as (22) . 
Remarks
In this section, among other things, we give several remarks about our main results and pose two open problems.
Remark 3.1. The expressions (11) and (13) for a i (n, t) and a i (n) can be meaningfully and significantly simplified as
and a i (n) = s(n + 1, i + 1). As a result, those main results in [6, 7] , mentioned in the first section, can be meaningfully and significantly simplified. For the sake of saving the space and shortening the length of this paper, we do not rewrite them in details here. This answers the first question posed in the first section of this paper. Remark 3.8. For some new results on the gamma function Γ(z), please refer to [8, 16, 18, 21, 27] and closely-related references therein.
Remark 3.9. For some recent development of the Stirling numbers of the first and send kinds, please refer to [3, 4, 5, 9, 10, 11, 12, 13, 15, 17, 28] and closely related references therein.
Remark 3.10. The motivation of this paper is same as the one in [14, 22, 23, 25, 26, 29, 31, 33, 35] and closely related references therein.
